Let C be a curve of genus 2 and ψ1 : C −→ E1 a map of degree n, from C to an elliptic curve E1, both curves defined over C. This map induces a degree n map φ1 :
Introduction
Curves of genus 2 with non-simple Jacobians are of much interest. Their Jacobians have large torsion subgroups, e.g. Howe, Leprévost, and Poonen have found a family of genus 2 curve with 128 rational points in its Jacobian, see (5) . For other applications of genus 2 curves with (n, n)-decomposable Jacobians see Frey (2) . In this paper, we discuss genus 2 curves C whose function fields have maximal elliptic subfields. These elliptic subfields occur in pairs (E 1 , E 2 ) and we call each the complement of the other in J C . The Jacobian of C is isogenous to E 1 × E 2 . Let ψ : C → E be a maximal cover (cf. section 4) of odd degree n. The moduli space parameterizing these covers is a surface, more precisely the product of modular curves X(n) × X(n)/∆, see Kani (6) . When ψ : C → E is degenerate (cf. section 2), this moduli space is a curve. Getting algebraic descriptions for these spaces is extremely difficult for large n (e.g. n ≥ 7). Also, one would like to know how the elements of the pair (E 1 , E 2 ) relate to each other.
In sections 2 and 3 we define a Frey-Kani covering and determine all their possible ramifications. In section 4 we consider maximal covers. These covers allow us to determine the complement of E 1 uniquely. The last section deals with some applications when n = 3, 5, or 7.
Lemma 2.1: a) If Q ∈ E, then ∀P ∈ ψ −1 (Q), w(P ) ∈ ψ −1 (−Q). b) For all P ∈ C, e ψ (P ) = e ψ (w(P )).
Let W be the set of points in C fixed by w. Every curve of genus 2 is given, up to isomorphism, by a binary sextic, so there are 6 points fixed by the hyperelliptic involution w, namely the Weierstrass points of C. The following lemma determines the distribution of the Weierstrass points in fibers of 2-torsion points.
Lemma 2.2: 1. ψ(W ) ⊂ E[2]
2. If n is an odd number then i) ψ(W ) = E [2] ii) If Q ∈ E [2] then #(ψ −1 (Q) ∩ W ) = 1 mod (2) 3. If n is an even number then for all Q ∈ E [2] , #(ψ −1 (Q) ∩ W ) = 0 mod (2) Let π C : C −→ P 1 and π E : E −→ P 1 be the natural degree 2 projections. The hyperelliptic involution permutes the points in the fibers of π C and π E . The ramified points of π C , π E are respectively points in W and E [2] and their ramification index is 2. There is φ : P 1 −→ P 1 such that the diagram commutes, see Frey (3) or Kuhn (7) .
The covering φ : P 1 −→ P 1 will be called the corresponding Frey-Kani covering of ψ : C −→ E. It has first appeared in (3) and (2) . The term, Frey-Kani covering, has first been used by Fried in (4).
The ramification of Frey-Kani coverings
In this section we will determine the ramification of Frey-Kani coverings φ : P 1 −→ P 1 . First we fix some notation. For a given branch point we will denote the ramification of points in its fiber as follows. Any point P of ramification index m is denoted by (m). If there are k such points then we write (m) k . We omit writing symbols for unramified points, in other words (1) k will not be written. Ramification data between two branch points will be separated by commas. We denote by π E (E[2]) = {q 1 , . . . , q 4 } and π C (W ) = {w 1 , . . . , w 6 }.
Proof: From lemma 2.2 we can assume that φ(w i ) = q i for i ∈ {1, 2, 3} and φ(w 4 ) = φ(w 5 ) = φ(w 6 ) = q 4 . Next we consider the three cases for the ramification of ψ : C −→ E and see what ramifications they induce on φ :
) \ W and e ψ (P ) = 1. Then e ψ (P ) · e πE (ψ(P )) = e πC (P ) · e φ (π C (P )) = 2, so e φ (π C (P )) = 2.
Case I: There are P 1 and P 2 in C such that e ψ (P 1 ) = e ψ (P 2 ) = 2 and ψ(P 1 ) = ψ(P 2 ). By lemma 2.1, e ψ (w(P 1 )) = 2. So w(P 1 ) = P 1 or w(P 1 ) = P 2 .
Suppose that w(P 1 ) = P 1 , so P 1 ∈ W . If π C (P 1 ) = w i for i ∈ {1, 2, 3}, say π C (P 1 ) = w 1 , then e πE•ψ (P 1 ) = e φ•πC (P 1 ) = 4, which implies that e φ (w 1 ) = 2. All other points in the fiber of π E • ψ(P 1 ) =: q 1 have ramification index 2 under φ. So φ has even degree, which is a contradiction. If π C (P 1 ) = w i for i ∈ {4, 5, 6}, say π C (P 1 ) = w 4 , then in the fiber of q 4 are: w 4 of ramification index 2, w 5 and w 6 unramified, and all other points have ramification index 2.
So #(φ −1 (q 4 )) = 2 + 1 + 1 + 2k, is even. Thus
), otherwise they would be in the same fiber.
Thus P 2 = w(P 1 ) ∈ C \ ψ −1 (E [2] ) and ψ(P 1 ) = −ψ(P 2 ). Let π E • ψ(P 1 ) = π E • ψ(P 2 ) = q 5 and π C (P 1 ) = π C (P 2 ) = S. So e ψ (P 1 ) · e πE (ψ(P 1 )) = e πC (P 1 ) · e φ (π C (P 1 )). Thus, e φ (π C (P 1 )) = e φ (S) = 2. All other points in φ −1 (q 5 ) are unramified. For P ∈ W , e πC (P ) = 2. Thus e φ (π C (P )) = 1. All w 1 , . . . w 6 are unramified and other points in φ −1 (E [2] ) are of ramification index 2. By the Riemann -Hurwitz formula, φ is unramified everywhere else.
Thus, there are n−1 2 points of ramification index 2 in the fibers
2 points of ramification index 2 in φ −1 (q 4 ), and one point of index 2 in φ −1 (q 5 ). Case II: In this case, there are distinct P 1 and P 2 in C such that e ψ (P 1 ) = e ψ (P 2 ) = 2 and ψ(P 1 ) = ψ(P 2 ). Then P 2 = w(P 1 ) or w(P i ) = P i , for i = 1, 2.
Let P 1 and P 2 be in the fiber which has three Weierstrass points. i) Suppose that w permutes P 1 and P 2 . So P 1 and P 2 are not Weierstrass points. Then e πE•ψ (P 1 ) = e ψ (P 1 ) · e πE (ψ(P 1 )) = 4. Thus e πC (P 1 ) · e φ (π C (P 1 )) = 4. Since e πC (P 1 ) = 1 then e φ (π C (P 1 ) = 4. So there is a point of index 4 in the fiber of q 4 . The rest of the points are of ramification index 2, as in previous case, other then the w 1 , . . . , w 6 which are unramified.
ii) Suppose that w fixes P 1 and P 2 . Thus P 1 and P 2 are Weierstrass points. Then e ψ (P i ) · e πE (ψ(P i )) = e πC (P i ) · e φ (π C (P i )) = 4. So e φ (π C (P i )) = 2. Thus, π C (P i ) have ramification index 2. The other points behave as in the previous case. So we have in each fiber of φ one unramified point and everything else has ramification index 2.
Suppose that P 1 and P 2 are in one of the fibers which have only one Weierstrass point. iii) Then w has to permute them, so they are not Weierstrass points. As in case i) e φ (π C (P 1 )) = 4. So there is a point of index 4 in one of ψ −1 (q 1 ), ψ −1 (q 2 ),ψ −1 (q 3 ) and everything else is of ramification index 2. The Weierstrass points are as in case i), unramified.
Case III: Let P be the ramified point of index 3. By lemma 1, e ψ w(P ) = 3. But there is only one such point in C, so P ∈ W . Then e πE•ψ (P ) = e ψ (P ) · e πE (ψ(P )) = 6. So e πC (P ) · e φ (π C (P )) = 6. But e πC (P ) = 2, because P ∈ W . Thus, e φ (π C (P )) = 3. i) Q is in the fiber that contains three Weierstrass points. Then we have a point of ramification index three in ψ −1 (q 4 ), two other Weierstrass points are unramified, and all the other points are of ramification index 2.
ii) Q is in one of the fibers that contains only one Weierstrass point. Then in one of ψ
there is a point of index 3 and everything else is of index 2. 
The case when n is even
Let us assume now that deg(ψ) = n is an even number. The following theorem classifies the Frey-Kani coverings in this case.
Theorem 3.2:
If n is an even number then the generic case for ψ : C −→ E induce the following three cases for φ :
Each of the above cases has the following degenerations (two of the branch points collapse to one)
Proof: We know that the number of Weierstrass points in the fibers of 2-torsion points is 0 mod (2) . Combining this with the Riemann -Hurwitz formula we get the three cases of the general case.
To determine the degenerate cases we consider cases when there is one branch point for ψ : C −→ E. I) First, assume that the branch point has two points P 1 and P 2 of index 2 (Case II). Then w(P 1 ) = P i for i = 1, 2 or w(P 1 ) = P 2 . The first case implies that P 1 , P 2 ∈ W . Then e φ (w(P 1 )) = e φ (w(P 2 )) = 2. So we have case I, 1. When w(P 1 ) = P 2 then e φ (w(P 1 )) = 4. Thus, we have a point of index 4 in φ −1 (q) for q ∈ {q 1 , . . . , q 4 }. Therefore cases 2 and 3. If there is P ∈ C such that e ψ (P ) = 3, then P ∈ W and e φ (w(P )) = 3. So we have case 4.
II) As in case I, if P 1 and P 2 are Weierstrass points then they can be in the fiber of the point which has 4 or 2 Weierstrass points. So we get two cases, namely 1 and 2. Suppose now that P 1 and P 2 are not Weierstrass points, thus w(P 1 ) = P 2 and e φ (w(P 1 )) = 4. This point of index 4 can be in the same fiber with 4, 2 or none Weierstrass points. So we get cases 3, 4, and 5 respectively. A point of index 3 is a Weierstrass point which can be in the fiber which has 4 or 2 Weierstrass points. So cases 6 and 7.
III) If P 1 and P 2 are Weierstrass points then they can be only in the fiber with 6 Weierstrass point so case 1. If they are not then we have a point of index 4 which can be in the fiber with all Weierstrass points or with none. Therefore, cases 2 and 3. The point of index 3 is a Weierstrass point so it can be in the fiber where all the Weierstrass points are, so case 4. This completes the proof. 4. Maximal coverings ψ : C −→ E.
Let ψ 1 : C −→ E 1 be a covering of degree n from a curve of genus 2 to an elliptic curve. The covering ψ 1 : C −→ E 1 is called a maximal covering if it does not factor over a nontrivial isogeny. A map of algebraic curves f : X → Y induces maps between their Jacobians
When f is maximal then f * is injective and ker(f * ) is connected, see (9) (p. 158) for details.
Let ψ 1 : C −→ E 1 be a covering as above which is maximal. Then ψ * 1 : E 1 → J C is injective and the kernel of ψ 1, * : J C → E 1 is an elliptic curve which we denote by E 2 , see (3) or (7). For a fixed Weierstrass point P ∈ C, we can embed C to its Jacobian via
Let g : E 2 → J C be the natural embedding of E 2 in J C , then there exists g * : J C → E 2 . Define ψ 2 = g * • i P : C → E 2 . So we have the following exact sequence
The dual sequence is also exact, see (3) 0 → E 1
The following lemma shows that ψ 2 has the same degree as ψ 1 and is maximal.
To prove the second part suppose ψ 2 : C −→ E 2 is not maximal. So there exists an elliptic curve E 0 and morphisms ψ 0 and β, such that the following diagram commutes
Take ψ 0 (P ) to be the identity of E 0 . Then exists ψ 0 * :
Thus, ψ 2, * = β • ψ 0, * . So ker ψ 0, * is a proper subgroup of ker ψ 2, * = E 1 , since deg β > 1. Thus,
is a surjective homomorphism. Therefore, E 1 has a proper subgroup of finite index. So, there exists an intermediate field between function fields C(C) and C(E 1 ). This contradicts the fact that ψ 1 is maximal 2 If deg(ψ 1 ) is an odd number then the maximal covering ψ 2 : C → E 2 is unique (up to isomorphism of elliptic curves), see Kuhn (7) .
To each of the covers ψ i : C −→ E i , i = 1, 2, correspond Frey-Kani covers φ i : P 1 −→ P 1 . If the cover ψ 1 : C −→ E 1 is given, and therefore φ 1 , we want to determine ψ 2 : C −→ E 2 and φ 2 . The study of the relation between the ramification structures of φ 1 and φ 2 provides information in this direction. The following lemma (see (3), p. 160) answers this question for the set of Weierstrass points W = {P 1 , . . . , P 6 } of C when the degree of the cover is odd.
Let
be the points which has three Weierstrass points in its fiber. Then we have the following: 
When n is even the ramification of ψ, is more precise.
Lemma 4.3:
Let ψ : C −→ E is maximal of even degree n, and Q ∈ E [2] . Then ψ −1 (Q) has either none or two Weierstrass points.
Proof: If there are no Weierstrass points in ψ −1 (Q) there is nothing to prove. Suppose there is one, from lemma 3.2 we know there are at least 2, say P 1 , P 2 . We embed
), we call this group H. Suppose P 3 ∈ ψ −1 (Q). Then ψ * (i P1 (P 3 )) = O E , so (P 1 , P 3 ) ∈ H, where the unordered pair (P i , P j ) denotes the point [(P i ) − (P j )] of order 2 in J C . By addition of points of order 2 in J C , (P 2 , P 3 ) ∈ H. So H = {0 J , (P 1 , P 2 ), (P 1 , P 3 ), (P 2 , P 3 )} can't have any other points, therefore ψ −1 (Q) has three Weierstrass points, which contradicts theorem 3.2. Thus, there are only two Weierstrass points in ψ −1 (Q). 2 The above lemma says that if ψ is maximal of even degree then the corresponding Frey-Kani covering can have only type I ramification, see theorem 3.1.
Arithmetic Applications
In this section, we characterize genus 2 curves with degree 3 elliptic subcovers and determine the j-invariants of these elliptic subcovers in terms of coefficients of the genus 2 curve. If the elliptic subcover is of degenerate ramification type, then its j-invariant is determined in terms of the absolute invariants of the genus 2 curve. We find two isomorphism classes of genus 2 curves which have both elliptic subcovers of degenerate type.
When n = 5 or 7 we discuss only Case II, iii), and Case II, i) of theorem 3.1, respectively. In both cases we determine the j-invariants of elliptic subcovers in terms of the coefficients of the genus 2 curves. Other types of ramifications are computationally harder and results are very large for display.
Curves of genus 2 with a degree 3 elliptic subfield.
Let ψ : C → E 1 be a covering of degree 3, where C is a genus 2 curve given by
and E 1 an elliptic curve. Denote the 2-torsion points of E 1 by 0, 1, t, s. Let φ 1 be the FreyKani covering with deg (φ 1 ) = 3 such that φ 1 (0) = 0, φ 1 (1) = 1, φ 1 (d) = t, and the roots of f (x) = x 3 − ax 2 + bx − c, are in the fiber of s. The fifth branch point is infinity and in its fiber is u of index 1 and infinity of index 2. So φ 1 is of generic type (Theorem 3.1). Points of index 2 in the fibers of 0, 1, t are m, n, p respectively. Then the cover is given by
Then from equations:
we compare the coefficients of x and get a system of 9 equations in the variables a, b, c, d, k, m, n, p, t, s, u.
Using the Buchberger's Algorithm (see (1), p. 86-91) and a computational symbolic package (as Maple) we get;
Lemma 5.1: Let E 1 be the elliptic curve given by y 2 = z(z − 1)(z − t)(z − s). Then the genus 2 curve
covers E 1 with a maximal cover of degree 3 of generic case (Theorem 3.1) . Moreover s and t are given by,
Next, we find the j-invariants of E 1 and E 2 . The j-invariant of E 1 is as follows,
where A and C are:
To find j 2 we take φ 2 :
Three roots of f 3 (x) = x 3 − ax 2 + bx − c go to 2-torsion points s 1 , s 2 , s 3 of E 2 and 0 is the fifth branch point of φ 2 . Solving the corresponding system we get s 1 , s 2 , s 3 in terms of a and c. Then j 2 is
where A is as above and B = a 4 − 2a 3 + a 2 − 24ca + 36c.
Degenerate Cases
Notice that only one degenerate case can occur when n = 3. In this case, one of the Weierstrass points has ramification index 3, so the cover is totally ramified at this point, see theorem 3.1.
Lemma 5.2:
Let E be an elliptic curve given by y 2 = z(z − 1)(z − s). Suppose that the genus two curve C with equation
covers E, of degree 3, such that the covering is degenerate. Then w 3 is given by Proof: We take ψ : C → E and φ : P 1 → P 1 its corresponding Frey-Kani covering. To compute φ, let w 1 be the point of ramification index 3. Take a coordinate in the lower P 1 such that φ (w 1 ) = 0, φ (w 2 ) = s, φ 2 (w 3 ) = 1, and φ (0) = φ (1) = φ (∞) = ∞. We denote points of ramification index 2 in the fibers of s and 1 by p and q, respectively. Then, φ is given as z = k 2 (x−w1) 3 x(x−1) . From the corresponding system we get the above result.
2 Denote the j-invariant of E by j 1 . Using the above expression of s in terms of w 1 and w 2 we get an equation in terms of j 1 , w 1 , and w 2 . Taking the resultant of this expression and equation (2) we get, We denote with j the j-invariant of the elliptic curve y 2 = (x − w 1 )(x − w 2 )(x − w 3 ). Then, proceeding as above, j can be expressed in terms of w 1 as below, Taking the resultants of the two previous equations we have 256 A(j) j
where
For the genus 2 curve C we compute the Igusa invariants J 2 , J 4 , J 6 , J 10 in terms of the coefficients of the curve, see Igusa (8) for their definitions. The absolute invariants of C are defined it terms of Igusa invariants as follows, 
Two genus 2 curves with J 2 = 0 are isomorphic if and only if they have the same absolute invariants. The absolute invariants can be expressed in terms of w 1 and w 2 . Taking the resultant of the first two equations in (7) we get an equation F (i 1 , i 2 , w 1 ) = 0. The resultant of F (i 1 , i 2 , w 1 ) and equation (4) we get j = 13824 S T where S and T are:
The conjugate solutions of (5) are j-invariants of E 1 and E 2 . For j = 0 the equation (3) . Then, C and E are given by,
For j = 1728 the values for j 1 are
This value of j does not give a genus 2 curve since the discriminant J 10 of C is 0. Next we will see what happens when both φ 1 and φ 2 are degenerate. We find only two triples (C, E 1 , E 2 ) such that the corresponding φ i : C → E i , i = 1, 2, are degenerate. It is interesting that in both cases E 1 and E 2 are isomorphic. 
covers E, such that the covering is of degree 3 and the corresponding Frey-Kani covering of type II, iii) (Theorem 3.1), for t = 0, 1.
Proof: Let φ 1 be the Frey-Kani covering with deg (φ 1 ) = 3 such that φ 1 (
Let ∞ be the point of ramification index 3, and denote the points of ramification index 2 in the fibers of 0 and 1 with m and n respectively. If z is a coordinate in the lower
Comparing the coefficients and solving the system, we get
2 To compute φ 2 , let w 1 be the point of ramification index 3. Take a coordinate in the lower P 1 such that φ 2 (w 1 ) = 0, φ 2 (w 2 ) = s, φ 2 (w 3 ) = 1, and φ 2 (0) = φ 2 (1) = φ 2 (∞) = ∞. The points of ramification index 2 in the fibers of s and 1 we denote by p and q, respectively. Then φ 2 is given as z 2 = k 2 (x−w1) 3
x(x−1) . Then from the corresponding system we get
Using the fact that the a, b, c are the symmetric polynomials of w 1 , w 2 , w 3 we have;
where I = √ −1. So we have three pairs of elliptic curves
with j(E 1 ) = j(E 2 ) = 1728.
with j(E 1 ) = j(E 2 ) = −873722816 59049
and j(E 1 ) = j(E 2 ) = −873722816 59049
. The last two cases correspond to the same isomorphism class of genus 2 curves. Thus, when φ 1 and φ 2 are both degenerate then we get two isomorphism classes of elliptic curves. Summarizing everything above we have the following table: Table 1 :
x 2 + 9 16
x − 1 32
where C :
One can check, using the absolute invariants of the genus two curves, that they are not isomorphic to each other. Moreover, an equation for E 1 ∼ = E 2 in the second case is as follows: The solutions of (11) give the j-invariants of E 1 and its complement E 2 . The case n = 7 is the first case that all degenerations occur. However, it is very difficult to compute the space of genus 2 curves with degree 7 elliptic subcovers. We discuss only one Thus, we can express the coefficients of C in terms of t and d. Absolute invariants i 1 , i 2 , i 3 of C can be expressed in terms of t and d. Using resultants and a symbolic computational package as Maple we are able to get an equation in terms of i 1 , i 2 , i 3 . The equation is quite large for display. This is the moduli space of genus two curves whose Jacobian is the product of two elliptic curves and the Frey-Kani coverings are of degree 7 and ramification as above.
